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Abstract
Quasi-one-dimensional modelling techniques present a computationally efficient and accurate
method of modelling scramjet combustor flow fields. Current formulations of this model
however do not account for boundary-layer combustion and its mechanisms of interaction with
the freestream. This investigation was thus targeted at the development of model that would
account for this complex phenomena. This specifically involved the coupling of a Eulerian
Quasi-one-dimensional model to the Stalker analytical model for the combustion of Hydrogen in
hypersonic turbulent boundary-layers. A base Quasi-one-dimensional model was formulated
and a staged validation process was completed. A comparison against datasets for the M12
REST engine re-iterated the limitations of current quasi-one-dimensional techniques, with model
not able to accurately predict ignition due to the the boundary-layer combustion present in the
datasets, however the post-ignition flowfield was accurately predicted. Next the mechanisms of
turbulent heat transfer, turbulent shear stress, boundary layer growth and mass transfer to the
boundary-layer were used to couple the two models. One issue encountered was that low fuel
mass-flow rates and the adjustment of the flow Reynolds number caused unreasonably large
values of the interaction mechanisms. Furthermore isolator modeling was discontinued to reduce
the problems caused by a sudden expansion to the combustor entrance. Non-uniform velocity
and temperature gradients inside the core-cell were implemented successfully as a method of
reducing the Stalker model outputs sufficiently enough to enable a steady-state solution to be
reached. This was done by arbitrary factor adjustment of the cell edge properties. The steady-
state flowstate reached, while not directly comparable to experimental and simulation data,
served as proof this assumption regarding property gradients is valid. Furthermore, an attempt to
quantify these properties gradients with laminar duct flow theory was completed. Lastly, using
the arbitrary scaling factors, skin-friction coefficient and thrust profiles were developed as proof
of concept for latter stage applications of the coupled-model.
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Chapter 1
Introduction
This chapter will describe the purpose and relevance of this investigation and briefly outline the
aims and expected outcomes.
2 Introduction
1.1 Background
Scramjets are an emerging technology that have the potential to offer numerous practical hyper-
sonic flight applications including multi-stage-to-orbit and re-usable space transport vehicles,
point-to-point hypersonic transport and hypersonic cruise weapons systems. Significant research
efforts have been undertaken in this area since the latter half of the 20th century. Recent flight
testings of these technologies have proven their viability [15, 7, 16] and strengthened research
interests in the area. While these milestones are encouraging, in the words of James Barth
(2014), "the body of literature to suggests a more sobering picture : the establishment of robust
supersonic combusting flow in a scramjet at high flight Mach number is no simple task".
1.1.1 Scramjet Technologies Overview
Supersonic combustion ramjets (Scramjets) can be likened to a converging-diverging duct and
consists of an inlet, isolator, combustor and a nozzle. This setup can be seen in Figure 1.1.
The principle of operation involves the deceleration of air by the inlet and isolator sections to
obtain conditions sufficient to enable the supersonic combustion of fuel in the combustor section.
The nozzle is used to re-accelerate the exhaust flow back to supersonic speeds resulting in the
production of thrust [6].
Fig. 1.1 Scramjet Schematic [6]
In the hypersonic performance envelope rockets and scramjets are currently the only feasible
options for propulsion systems. Scramjets offer much higher specific impulse than rockets
due to the nature air-breathing engines not carrying the fuel oxidiser on-board. Furthermore,
higher engine efficiencies, ability for thrust modulation, extended flight range and re-usability
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are offered by scramjets [14]. As such, significant research efforts have been invested into the
fulfillment of this promising technology.
There however still exists many challenges in this regard. Heiser and Pratt [9] viewed efficient
and reliable operation over a range of flight conditions, accomplishing stable, efficient mixing
and combustion in an combustor of reasonable size and the development of analytical tools that
give accurate predictions of the actual engine behaviour as major challenges in the development
of this technology. Smart and Tetlow [19] further suggest optimisation of the scramjet combustor,
which can account for up to 25% of total engine drag [? ], in terms of combustion efficiency and
drag reduction will increase the feasibility of this technology significantly.
1.1.2 Scramjet Combustor Modelling
Quasi-one-dimensional modelling is an efficient and practical method of simulating the complex
hypersonic flow mechanics and chemical kinetics within a scramjet combustor and as such
is often used in the early design stages of the development of a hypersonic vehicle and in
optimisation studies. The nature of quasi-one dimensional modelling involves flow properties
being functions in a single dimension only and calculating a steady state condition of the flow
field using simple perfect gas relations. The procedure requires the formulation of a set of
ordinary differential equations in terms of the conservation of mass, momentum, total energy
and species over specified control volume segments of the combustor. Many other combustor
characteristics must be also be implemented such as the geometry profile and fuel mixing model.
Previous works of Birzer and Doolan [4] and O’Brien, Starkey and Lewis [17] have shown this
modelling technique to perform with relatively high degrees of accuracy as well as computational
efficiency. They have however shown that these models are extremely sensitive to small changes
in design, thermodynamic and mixing parameters [17]. Furthermore, previous models however
do not take into consideration boundary-layer combustion and its implications on the free-stream
leading to the inability to accurately predict ignition. Stalker [21] explored fuel injection into
and combustion in hypersonic turbulent boundary layers and created an analytical technique
to quantify this phenomena. Barth, Wheatley and Smart [2] further refined this model and
investigated the complex mechanisms present.
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1.2 Project Overview
From this brief introduction it can be seen that the investigation into and the modelling of the
scramjet combustor is a particularly valid area of research. As such this investigation has been
formulated.
1.2.1 Project Aims
The primary aim of this investigation is to develop a quasi-one-dimensional model with finite rate
chemistry coupled with the Stalker boundary-layer combustion model and to determine whether
this will more accurately models the complex behaviours occurring in a scramjet combustor.
1.2.2 Project Scope
In accordance with these goals a project scope has been developed to constrain the investigation
to reasonable bounds. Aspects in the scope of the project are considered:
• The formulation of a Quasi-one-dimensional model for the purposes of modelling a
scramjet combustor including finite-rate chemistry, fuel mixing, heat transfer and frictional
losses.
• The acquisition of relevant data that can be used to validate the model outputs including
relevant experimental and simulation data.
• The formulation and implementation of the coupling methods between the Stalker model
and Quasi-one-dimensional base model including relevant extensions to the Stalker model.
• Extensions to this coupled model that assist with purposes such as optimisation.
Aspects considered out of scope of this investigation are:
• Non-Hydrogen Fueled scramjets will not be considered.
• Variation of scramjet geometry will not be considered.
• Variation of fuel injection methods from those possible in the M12 REST engine.
• Fuel mixing and combustion behaviours in the boundary-layer other than what is consid-
ered by the Stalker model.
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1.2.3 Expected Project Outcomes
This thesis will produce a quasi-one-dimensional model of a scramjet combustor that is coupled
with the Stalker boundary-layer model. This model will be compared to relevant literature and
published findings to determine the effects of the boundary layer coupling. This thesis will
therefore produce:
• A base quasi-one dimensional model with finite rate chemistry
• A deeper understanding of quasi-one-dimensional modelling techniques
• A quasi-one dimensional model of the scramjet combustor that accounts for the phenomena
of boundary-layer combustion.
• A deeper understanding of the effects of accounting for the mechanisms of boundary-layer
combustion compared to current quasi-one-dimensional models.
• An extension of the applications of Stalker’s analytical model for boundary-layer combus-
tion

Chapter 2
Literature Review
In order to ensure all aspects of this complex problem have been adequately addressed an
extensive review of relevant literature was completed. This chapter will describe this present the
main findings and and their implications on the investigation .
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2.1 Existing Quasi-one-dimensional models
There are many existing quasi-one-dimensional formulations for scramjet applications. Full and
critical assessment of these sources was completed. References to the M12 REST engine will be
made which will be further discussed in Section 2.3.
2.1.1 O’Brien, Starkey and Lewis Quasi-one-dimensional Formulation
O’Brien, Starkey and Lewis [17] formulated a quasi-one-dimensional combustor flowfield
model with finite rate chemistry. The inclusion of finite rate chemistry to the existing quasi-
one-dimensional model was important, allowing for prediction of fuel ignition and in turn the
evaluation of operating condition limits. In comparison to the experimental data-sets presented,
the model predicts the post-ignition flowfield accurately with approximately 10% error. Previous
to fuel ignition the model fails to predict the flowfield pressure properties as well as the peak
pressures. These inaccuracies are highlighted in Figure 2.1 where the ’Combustor Model’ solid
line is the quasi-one-dimensional formulation. These can be largely attributed to the simplistic
boundary-layer model used and its inability to model boundary-layer combustion which was
present in the experimental results [17].
Fig. 2.1 Excerpt of experimental-model comparisons published by O’Brien et al. [17]
It must also be noted that in the experimental comparisons made by [17], the flows are of
the order of 900-1000K which is comparable to the inlet conditions required for ignition in the
M12 REST engine, however at significantly reduced flow speeds (M=3). The implications of
this lower speed mean the flow has more time in the combustor and ignition will occur more
readily in the model. It is unclear if the mode will ignite at the higher Mach flow conditions
present in the M12 REST engine.
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A further limitation of the model is with regards to the mixing models assumed for each
of the test cases. The logic behind them is that the fuel must first be fully mixed before it is
then available for reaction. This logic is flawed as in reality, these processes would be occurring
simultaneously. As well, the assumed mixing profiles are empirically derived for perpendicular
injection of hydrogen, whereas in reality, they are inherently a function of namely the flowfield,
fuel type and injection geometry. The implications of these two aspects of the mixing model
cannot be directly quantified, however would cause inaccuracies when performing experimental
comparisons.
2.1.2 Birzer and Doolan Quasi-one-dimensional Formulation
Birzer and Doolan [4] produced a Quasi-one-dimensional with equilibrium chemistry routines
and mixing-controlled combustion using mixing efficiency. This assumption with regards to
the combustion, means that flow is not kinetically limited, and that high temperature inflow
conditions must be implemented in the model. In many scramjet applications conditions like
these cannot be assumed restricting the cases that this model can be applied to. Furthermore,
the equilibrium chemistry routines used (inherently independent of time) means that there is no
way to judge how long the system takes to reach the steady-state solution and if the flow will
realistically combust in the length of time it is inside the combustor.
When compared to experimental datasets, the model predicts the mean pressure distribution
however cannot predict the peak pressure or pressure fluctuations due to weak shock waves
generated by the fuel injection technique. The mixing model used is noted by the authors to
be based on non-reacting, cold supersonic flow with a different fuel injection technique, which
is not the same conditions as the test cases. This would lead to some discrepancies between
the model and experimental data sets. Further the presence of exhaust shocks, results in large
pressure rises that cannot be predicted in a quasi-one-dimensional model. Again, supersonic
combustion in the boundary layer cannot be accounted for in the model and leads discrepancies
between the model and experimental data.
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2.1.3 Taylor Quasi-one-dimensional Formulation
Marguerite Taylor, in her Bachelor of Engineering thesis [23] produced a quasi-one-dimensional
model with finite rate chemistry similar to O’Brien, Starkey and Lewis, however approached
modeling fuel mixing in alternate way. This was to implement a simultaneous mixing and
reacting model for the addition of fuel, which is a more accurate representation of actual fuel
mixing behaviour. It was however found that regular temperature flows of the order 700-800K,
that ignite in practice, would not ignite in the model. For this reason, hot inflow temperatures
of the order 1500K were required to produce reasonable flow conditions. This can likely be
attributed to the model not being able to predict fuel ignition in the boundary layer of the
combustor. Additionally, when heat losses to the combustor walls were considered flow became
choked and as such the model had to be adjusted so there was no heat losses to the walls. Both
of these problems suggest the method of modelling the boundary layers needs to be adjusted.
Also the inability to model flow choking should be considered.
2.1.4 Other Quasi-one-dimensional formulations
Tourani [24] in his doctorate thesis, completed a comparison of quasi-one-dimensional modelling
and 2D modelling techniques, also noted the inability of the 1D model to simulate “oblique
shocks, expansion waves and their reflection as well as shear dominated viscous recirculation”.
2.1.5 Conclusions
From these examples, many observations about quasi-one-dimensional modelling can be made
that are useful for this investigation. They are as follows:
• Finite rate chemistry should be used in the formulation of a quasi-one-dimensional model
as it gives the ability to accurately predict flow ignition, which is extremely important in
scramjet applications.
• It is obvious that a way to accurately model the flow behaviours in the boundary layer
(especially boundary-layer combustion) and its effect on the free stream is required to
increase the accuracy of current quasi-one-dimensional modelling techniques. More
accurately modelling these behaviours will increase the overall accuracy of the flow field
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and will give more accurate results in the ignition region of the combustor. This should
also mean that more accurate measures of shear stress, heat transfer and net thrust can be
calculated.
• There have been issues with having to raise the inflow conditions of the models to high
temperatures to allow for ignition to take place whereas in practice much lower tempera-
tures are required. Implementing heat transfer terms from the hot boundary layer to the
freestream should allow for prediction of ignition at realistic temperatures.
• It is necessary to have an accurate mass-mixing profile for the specific application being
tested. This will allow for direct comparison with experimental datasets.
• It is obvious that quasi-one-dimensional models cannot adequately model shock waves.
Related to this is the inability to model flow choking. These factors should be taken into
consideration when analysing the results of the model.
2.2 Boundary Layer Formulations
In the aforementioned Quasi-one-dimensional models boundary-layers are used to model the
skin-friction and heat losses to the wall. In being used this way, there is no way to account for
boundary-layer combustion, a behaviour that is often reported in scramjet engines [1, 17].
The injection of fuel into and combustion in hypersonic turbulent boundary-layers is an
area that has been extensively researched as a mechanism to reduce skin friction drag. The
simplest analytical model in this regard is the Stalker model [21], which is able to quantify the
effects of this phenomena in terms of skin friction and heat transfer. It is an extension of the Van
Driest II boundary-layer formulation to include combustion of Hydrogen fuel. In comparison to
experimental datasets [8], this theory is seen to over-predict these effects by 10-15% due to the
simplified combustion reaction assumed. It must also be noted that the model was developed
for only the self-similar region of the boundary layer. In reality however there will be a mixing
region for the fuel in the boundary layer before this self-similar region occurs which could lead
to some minor discrepancies with the experimental datasets. It must be assumed that this region
will be very short and combustion will not take place in it which is likely for low fuel mass flow
rates [2].
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Barth, Wheatley and Smart [2] further investigated and extended this model in order to
analyse the underlying flow mechanisms present. Included were details on how to obtain useful
information such as the boundary-layer profile and the turbulent viscosities within the boundary-
layer from Stalker’s original formulations. Furthermore it was shown that an equivalence ratio
above φ = 0.15 inside the boundary layer gives little benefit in terms of skin friction drag
reduction, and leads to less efficient combustion. This parameter will be used in the model under
construction. Additionally it was noted by the authors that the simple single step combustion
model, that assumes mixed fuel is instantaneously burned, is used in the Stalker formulation.
This would be limited by an auto-ignition temperature in reality. The ramifications of this
simplification are that the model will exaggerate the heat release of combustion and will thus
provide ‘an upper limit for the action of combustion’ in the boundary layer. This may in turn
mean that the model under construction ignites at slightly lower flow temperatures than possible
in real applications.
Furthermore, in his PhD thesis, Rainer Kirchhartz [12], reported the compression (in terms
of flow area) of the free stream due to boundary-layer growth can be modelled by the increase in
displacement thickness.
Additionally, Wilson Chan , in his PhD thesis, investigated flow non-uniformities on the drag
reduction of boundary-layer combustion. In the process he implemented the Stalker code into a
python script. Additionally, he reported that Stalker boundary-layer model may not be the most
appropriate model for shock tunnel testings. This is because the ratio of the wall temperature
to adiabatic wall temperature is for these cases are usually quite low. In these situations the
Spalding and Chi [20] boundary-layer modelling maybe more appropriate.
2.2.1 Conclusions
In summary the implications on this investigation are:
• The Stalker Boundary layer model performs with a high degree of accuracy despite some
the model simplifications and limitations such as neglecting the mixing region in the
boundary layer and a simple combustion model.
• The model will provide the ability to model phenomena such as ignition in the boundary
layer and flame front formation and from this useful terms such the turbulent skin friction
2.3 Model Validation 13
and heat transfer. These can be used as coupling mechanisms in the Quasi-one-dimensional
model.
• Barth, Wheatley and Smart’s extension of the Stalker theory can be used to extract not only
but also properties such as the turbulent viscosity and the boundary-layer profile which
will be useful in coupling with a quasi-one-dimensional model.
• A nominal value of φ = 0.15 for the boundary-layer is most appropriate before diminishing
returns are seen. This must be taken into consideration when setting the model.
• The model may over predict heat release and predict ignition at lower temperatures than
physically possible due to the simple combustion model.
• The Stalker model is useful for non-injection cases because of it Van Driest II base.
• Displacement thickness can be used to model the growth of the boundary layer
• The Stalker model may not be appropriate for comparison with shock tube data.
2.3 Model Validation
In this investigation, it will be important to validate the formulated model against experimental
and other simulation results. One readily available resource is at UQ is access to the Mach 12
Rectangular-to-Elliptical Shape-Transition (REST) engine experimental test data by Wise [27].
Furthermore numerical simulations performed by Barth [1] produced mixing and combustion
efficiency curves for a variety of fueling conditions. Setting up the model with geometry
parameters and with the experimentally derived fuel-mixing profile , we can hope to output flow
pressure values similar to the experimental normalised pressure values displayed in [27] and the
flow variable cross-section profiles simulated in [1].
2.3.1 Conclusions
From these sources it can be gathered that:
• The M12 REST engine data will be an appropriate validation tool for the base and compiled
models.

Chapter 3
Quasi-One-Dimensional Model
This chapter entails the theory behind and methodology of the Quasi-one-dimensional model
formulated as well as the related verification processes undertaken.
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3.1 Model Methodology
Quasi-one-dimensional modeling involves solving a simplified version of the Navier-Stokes
governing equations to model flow behaviour over a set of finite volume cells. The basis for
these equations is the following assumptions:
• The flow is Q1D flow, in which all variables ( including cell geometries) are a function of
the x direction.
• The flow is steady state.
• The flow behaves as an ideal gas.
The basis of this investigation involved formulation of a Quasi-one-dimensional (Q1D) model
which could later be built upon with the addition of the Stalker Boundary Layer Formulation.
Due to this coupling requirement, the methods used in [4, 17, 23] of creating a set of differential
equations with respect to x and solving them implicitly for a steady state flow solution were not
applicable (see Section 4.1). The solution technique was thus chosen to be an upwind Eulerian
finite-volume solver for the 1D integral form of the Navier-Stokes equations (see Eq. 3.1). The
Eulerian time-stepping procedure for this integral is discretised as seen in Eq. 3.2 and allows
for the repeated calculation of the flow state at each new timestep until a steady flow state is
converged upon. This also leads to the flow being treated as inviscid.
∂
∂ t
∫
V
UdV =−
∮
S
(F¯i) · nˆdA+
∫
V
QdV (3.1)
dU
dt
=− 1
V ∑S
(F¯i) · nˆdA+Q (3.2)
where U and Q now represent cell-averaged values.
In this 1D formulation of the Navier-Stokes equations the state vector U is of the form shown
in Eq. 3.3 and contains the conserved flow quantities. Solving both the total mass and all species
mass continuity equations will give the same result, however is necessary for interfacing with
Eilmer3’s gas dynamics functionality (see Section 3.1.2).
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U =

ρ
ρux
ρE
ρ fs

(3.3)
which respectively represent density (mass per volume), x-momentum per volume, total energy
per volume and mass density of species s. Due to the x component of velocity being the only one
considered the subscript x will now be dropped.
The inviscid flux array is given in Eq. 3.4.
F¯i =

ρu
ρu2+ p
ρEu+ pu
ρ fsu

(3.4)
3.1.1 Time Stepping Parameter
The selection of an appropriate flow timestep was a factor that impacted on model stability. As
such this selection was made by use of the CFL criterion. In viscous compressible flow this
ensures that flow information cannot travel more than the distance of one cell during the timestep.
This application of this criterion is displayed in Eq. 3.5 in the calculation of the flow timestep.
δ t =
CFL ∆x
|u+a|max (3.5)
where CFL is set to 0.5 and |u+a|max is evaluated across all cells.
3.1.2 Gas dynamics and Thermochemical Routines
This investigation utilised open-source compressible flow CFD program Eilmer [? ] as a tool to
complete finite-rate chemical updates and the conversion between non-conserved gas properties
(as well as transport coefficients) and the flow state vector. Details of this functionality will
be discussed in Appendix A. The specific reaction model chosen in this case was the Bittker-
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Scullin [5] 9-species, 18-reaction scheme for combustion of Hydrogen. Species and Reactions
can be viewed in Appendix B. This scheme was deemed to be minimalistic enough to be
computationally efficient while still providing adequate detail for the processes involved.
3.1.3 Flux Modelling
The flux vectors calculations were completed using an 1D adaption of Eilmer3’s flux routine
AUSMDV, originally developed from Wada and Liou’s (1994) high resolution flux splitting
scheme for contact discontinuities. This scheme was chosen specifically for its low numerical
diffusion.
3.1.4 Fuel Mixing Model
The logic behind the modeling of fuel mixing in literature are often different. In this case, similar
to [23], an approach of simultaneous mixing and burning was taken. This was deemed to be a
more realistic way to model the mixing process rather than the specifically ordering the processes
(mixing must occur and be fully completed before any chemical reactions can occur) such as in
[17]. In practice, this was implemented by adding a fuel mass source term to each cell, equivalent
to the amount of fuel that would become mixed (and thus available for reaction) over the cell
length (see Eq. 3.6). This term could be calculated using mixing efficiency functions that are
specific to the case in question. When implemented in the model this source term was of the
form shown in Eq. 3.8.
mmix = m˙ f (η2−η1) (3.6)
In this formulation m˙ f is of the form shown in Eq. 3.7.
m˙ f = m˙tot φ FA (3.7)
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Qmixing =
1
V

mmix
mmixuH2
mmixEH2
mmixH2

(3.8)
where mmixH2 is an addition to the mass fraction density of the H2 species only. Arbitrary values
of 1550m/s and 5.096x106 J/kg (e at 500K) for uH2 and eH2 were chosen.
3.1.5 Additional Source Terms
Variation of cross-sectional area is common in scramjet combustor design. This leads to change
in momentum of the flow due to the area difference between the inflow and outflow interface
areas. The implementation of this term is shown in Eq. 4.26.
Q∆A =
1
V

0
P(A2−A1)
0
0

(3.9)
Accounting for any heat transfer to the control volume cell requires the implementation a source
term of the form given in Eq. 3.10. This is an important mechanism that will be used to couple
the boundary-layer model to the Quasi-one-dimensional model (see Section 4.1).
QQ =
m˙
V

0
0
Q
0

(3.10)
Momentum losses in the flow are an important source term to consider in this application
and are of the form given in Eq. 3.11. An example of this source term is frictional losses.
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Q f r =
SA
V

0
τ
0
0

(3.11)
3.2 Base Model Processing
The previous section described the model components in detail, however did little to explain how
these components were interfaced together and the processing that was involved. This section
serves to shed more light on these aspects. The formulation of the models in this investigation
took place in the python language. The core reason behind this decision was the availability
of Eilmer3 (which is built around a python interface) as a method of completing the finite-rate
chemistry. Delving deeper in the specifics of the quasi-one-dimensional model code, the specific
processing of the model components takes the following form:
1. Input Model Settings
• Input Inflow conditions, combustor geometry (including cell discretisation) and
fuel-mixing model
2. Initialise Model
• Create state vector and generate cell geometries
3. Complete State Update
• Calculate flow timestep across all cells
• Calculate flow state increment using inviscid fluxes as well as fuel mixing, heat
transfer and frictional source terms for all cells
• Update full (all cells) state vector
• Complete finite-rate chemistry update on updated full state vector
• Calculate total flow increment
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4. Steady State Calculation
• Repeat State Updating process until steady state condition is achieved
5. Post-Processing
• Flow State was extracted and graphing etc. were completed
In this implementation, the steady state condition was related to normal of the change in the
flow state vectors across all cells which is given in Eq. 3.12.
∥∆U∥=
√√√√cells∑
i=1
(U f inal−Uinitial)2 (3.12)
A steady state was deemed to be reached when the condition given in Eq. 3.13 was reached. At
this point the iteration process was complete and the code could proceed to post processing.
∥∆U∥ ≤ 10−5∥∆U∥init or n > 15(cells) (3.13)
where init corresponds to the first iteration, n is the number of updates completed and cells is the
number of cells.
3.3 Model Validation
Ensuring the accuracy of the Quasi-one-dimensional base model underpinned the latter stages
of this investigation. The several stages of testing taken to validify the Quasi-one-dimensional
model are as follows.
3.3.1 Simple Flow Case Testing
The initial testings involved three basic compressible flow cases:
• Isentropic flow with area change
• Constant area, adiabatic frictional flow
• Constant area, frictionless flow with heat addition
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Details of the testing methodology and the full set of results can be viewed in Appendix C.
For all simple test cases the model was seen to perform with <0.05% error with sufficient cell
discretization (100 cells) as compared to the theoretical solutions obtained from the compressible
flow tables [26]. Reducing the cell count led to a minor increase in error. Additionally flows that
involved choking conditions led to model convergence problems due to the presence of shocks
forming. This is to be expected due to the nature of this modeling technique. In latter stages of
this investigation choked flow conditions were intentionally avoided due to this limitation.
An additional flow case to test the implementation of the finite-rate chemistry was completed.
It was gathered from these that the chemistry modules used become increasingly accurate at
higher cell discretisations however also require increased computation time. This is a trade-off
that was actively balanced in latter stages of this investigation as code complexity increased.
3.3.2 M12 REST Engine Comparison
With all major components of the Quasi-one-dimensional individually validated, testing of
the compiled model could be completed. In this case this validation was completed using an
experimental normalised pressure datasets for the model M12 REST Engine adapted from [27].
This data is made up from two individual datasets, readings from the bodyside (top) and cowlside
(bottom) pressure transducers, between which the model pressure outputs should lay. The specific
dataset used is the fueled inlet case which is the most comparable to the base model where fuel
is only present in the free stream. Given this choice, the model parameters are set as described in
the following section. Simulations published by [1] also give a potential validation tool in terms
of property cross-sections.
To more adequately compare the model outputs and data sets two additional measures were
introduced. The first of these was related to the ignition point in the engine. This was judged by
the normalised displacement when mass fraction of H2O reached a significant positive gradient.
A second measure that can be used is the combustion efficiency which for this simple 1D case
is given in Eq. 3.14.The combustion efficiency is a figure that can be directly compared to the
experimental datasets.
ηc =
fh2o
fh20max
(3.14)
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where fh20max =
36φ
4φ+137.3 , the maximum possible H2O produced at that total fuel equivalence
ratio (φ ).
Combustor Geometry
Combustor geometry was adapted directly from the experimental model presented in [1]. This
can be viewed in Figure 3.1. Modelling was commenced in the isolator at the final elliptical
cross section. This corresponds to x= 1005 mm from the leading edge using the scale provided
in Figure 3.1. The isolator at this point was of 31.05mm width (major axis) and an aspect ratio
of 1.76, giving an area of 430mm2. This cross section continued for 25mm before a 1.25mm
backward-facing combustor step. This cross section (502mm2) continued for 161mm, before
doubling in area over 121mm (1.64◦ divergence). Finally the nozzle reached a final area ratio of
10 compared to the isolator area over 125mm (9.21◦ divergence). Additionally, as see in Figure
3.1, flow turning is introduced in the model (6◦). Flow turning however cannot be implemented
in a Quasi-one-dimensional sense as it means introducing non-axial components of velocity. As
the turning angle is quite small however it can be safely assumed to be negligible.
Fig. 3.1 M12 REST Model Geometry [1]
Inflow Conditions
The inflow conditions could be derived from the fueled inlet case results in [1]. Theses were
chosen to be P = 40kPa,T = 1200K,M = 4.5 and Tw = 300K. These are not the average
inlet conditions, however are more indicative of the the bulk fluid flow (where the density is
significantly high at the entrance) which can be likened to the core flow being modeled. Other
required inflow properties can be calculated from these values by use of the gas modules.
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Fuel Mixing Model
The importance of an accurate fuel mixing model for the specific case being tested was stressed
in Section 2.1. For this reason the mixing efficiency curve was interpreted directly from the
simulation results of mixing efficiency from [1]. The derived curve is given in Eq 3.15.
η = ax3−bx2+ cx+d (3.15)
where a = 112.59, b = 237.98, c = 140.09 and d = 70.71.
Additionally fueling conditions consistent with the experimental data with a global fueling
equivalence ratio of φ = 0.55.
Friction Model
In this case the frictional losses are of the form given in Eq 3.16.
τw =
1
8
fρu2 (3.16)
where f is chosen as 0.008 = 4 c f = 4(0.002) [19].
Furthermore the SA term given in Eq 3.11 is calculated using the wetted surface area (see
Eq. 3.17).
SA = πDH∆x (3.17)
where DH for an elliptical cross-section. This is given in Eq. 3.18 where a is the semi-major
axis length and b is the semi-minor axis length and E = a−ba+b .
DH = 4ab
64−16E2
(a+b)(64−3E4) (3.18)
Heat Transfer Model
The heat transfer from the fluid to the wall was required to be modeled. In this case the heat
transfer term was calculated similarly to [4] using the Reynolds analogy to relate the Stanton
number to the skin-friction coefficient (see Eq. 3.19). Using the definition of the Stanton number
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the heat transfer could be calculated (see Eq. 3.20).
cH =
c f
2Pr2/3
(3.19)
where Pr = 0.71 [4].
q =CHρuCp(Taw−Tw) (3.20)
where Cp is of the freestream and Taw is given in Eq. 3.21.
Taw = T [1+(Pr)1/3
γ−1
2
M2] (3.21)
Again γ is evaluated at the freestream.
Finally the q is related to Q by Q = qSAm˙ . SA is the average of the inflow and outflow perimeters
multiplied by the cell length.
Model Outputs
Before beginning this section it is useful to note the geometry M12 REST geometry in the
normalised displacement form given in the model.
• Isolator: 0 ≤ x/L ≤ 0.06
• Combustor Constant Area Section: 0.06 ≤ x/L ≤ 0.43
• Combustor Diverging Area Section: 0.43 ≤ x/L ≤ 0.71
• Nozzle: 0.71 ≤ x/L ≤ 1
Using the aforementioned settings and a discretisation of 100 cells, it was found that fuel
ignition did not occur until late in the combustor (x/L = 0.6) and at a slow rate, leading to a
low combustion efficiency (10%) (see Figure 3.2). In comparison the combustion efficiency
achieved in the experimental testing was 78%. The failure to accurately predict ignition (and
thus the related peak pressures) is supported in Figure 3.3 in the region of x/L = 0.2-0.4. The
model, despite not predicting ignition adequately, does predict the post-ignition flow field (of the
experimental data) with reasonable accuracy (x/L > 0.6).
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Figure 3.4 shows the development of the non-conserved variables. These do not share good
likeness with the fuelled inlet simulation cases (Figure E.2), in terms of magnitude and trends
displayed (i.e. where ignition occurs, where peak temperature occurs), however are much more
comparable to the simulation results of the unfuelled engine (Figure E.1). This can be attributed
to the reduced levels of combustion achieved in the Quasi-one-dimensional model. Additionally
it must be noted that the steep pressure drop at (x/L = 0.06) is due to the sudden expansion due
to the combustor step. Cell discretisation was increased to 500 cells, however no changes in the
steady-state flowstate solution occurred.
From the conclusions made in Section 2.1 these outcomes are not surprising, further proving
the merit of this investigation.
Fig. 3.2 Main Species Mass fractions Profiles
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Fig. 3.3 Normalised Pressure Comparison
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3.4 Chapter Summary
Using conclusions drawn from literature, a Quasi-one-dimensional model was formulated. This
chapter outlined the governing equations and solution techniques associated with this modeling
technique. The implementation of Eilmer3 gas dynamics, chemistry and flux modules, as well
as the fuel mixing model and other source terms was explained. Model validation was completed
in a staged process. Initially, simple compressible flow cases were tested against showing model
outputs, especially in the finite-rate chemistry tests, were dependent on cell discretisation. The
inability of the model to handle choked flows was also noted in this stage of the testing. Finally
the compiled model was tested versus experimental and simulation data. As expected, realistic
inflow conditions do not ignite substantially in the model but does give a reasonably accurate
judge of flow property trends in the combustor can be achieved. Through these processes, the
Quasi-one-dimensional base model was verified.

Chapter 4
Stalker Boundary Layer Model
This chapter entails a summary of the Stalker Boundary Layer Model and associated theory, the
coupling methodology between models and results of the coupled model. Additionally methods
to enhance this coupling have been tested and implemented. Relevant extensions to the model
will also be outlined.
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4.1 Stalker Boundary Layer Model Overview
One significant factor limiting the performance of hypersonic vehicles is skin-friction drag due
to formation of turbulent boundary-layers [2]. Goyne et al. [8] experimentally investigated
fuel injection into turbulent boundary-layers as a method of reducing skin-friction drag, and in
doing so noted the significant effects of boundary-layer combustion in this regard. Ray Stalker
(2005), following these findings, formulated an analytical model to quantify the effects of this
complex mechanism. Further to this end, Barth et al. [2] refined and adapted Stalker’s model and
more deeply investigated the mechanisms present. As such, this investigation largely utilises a
culmination of these two resources and serves as an extension to the current applications of this
theory.
The Stalker boundary-layer model can be briefly described as an extension of the Van Driest II
boundary-layer theory which takes into account combustion of fuel (Hydrogen) in the boundary-
layer using Shvab Zelodvich coefficients. Specifically it models the region of the boundary-layer
that has a zero-pressure gradient and exhibits local similarity (see Figure 4.1a ) following fuel
injection parallel to a surface. Inside this modelled region is a non-premixed diffusion flame,
below which the hydrogen fuel diffuses toward and above which the oxygen from the free stream
diffuses toward (see Figure 4.1b). Due to this process of diffusion of fuel away from the wall,
the mass fraction of hyrdogen (cFw) at the wall varies from 1 to 0 in the modelled region. At the
flamefront, the fuel and oxygen meet and are assumed to react spontaneously by the simplified
reaction given in Eq. 4.1.
2O2+H2 → 2H2O+2∆Q (4.1)
(a) Physical Injection Region
(b) Modelled Flow Region
Fig. 4.1 Physical vs Modelled Flow Regions [2]
4.2 Application of Stalker Boundary-Layer Model 33
Using these base assumptions the Stalker analytical model can be formulated, the lengthy
working behind which will not be divulged here. Readers will instead be referred to [21] and [2]
if a greater understanding of the base theory is required.
4.2 Application of Stalker Boundary-Layer Model
The purpose of coupling the Stalker Boundary-Layer model to the existing Quasi-one-dimensional
model was to account the previously unmodelled mechanisms associated with boundary-layer
combustion. From [21] [12] [2] we find these to be:
• Heat Transfer due to turbulent conduction
• Turbulent Shear stresses
• Boundary Layer growth
Logically, we can then extend this list to also include:
• Mass transfer due to boundary-layer growth
In order to formulate these terms we begin at the final stage of Stalker model (see Eq. 4.2),
with an equation for the mass flow rate of fuel in the boundary-layer. The associated nomenclature
is extensive and thus can be found in Appendix D.1.
m˙ = 0.187µw
[
cFw + f coe
1+ f coe
]
exp(F1A′)
[
1+G exp((F2−F1)A′)
]
(4.2)
With a set mass flow rate, this equation depends solely on cFw and c f as well as the free stream
properties. Setting cFw at successive values between 0 and 1, this equation can be iteratively
solved for the the corresponding values of c f . Using these values we can then, using Eq. 4.3,
solve for the corresponding Reynolds number.
Rex =
µw
µec f
10
1
4.15
[
F1√
c f (Taw−Te)/Te
+3.97log
(
1−cFw+cFw (
u j /U )
1+ f coe
)
+3.97log
(
1+Gexp
(
(F2−F1)A′
))
−1.7
]
(4.3)
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Following this, the corresponding value of boundary layer height can be calculated as per
Eq. 4.4.
δ =
µw(Taw−Te)exp(B0)
ρeUa2[2K2Te+ c f (Taw−Te)]
[(
A′
√
Q22− (2a2−b2)2+2a2−b2
)
exp(A′F1)
+(b2−b1)exp(A′F2)−A′
√
Q21−b21+b1
]
(4.4)
This forms a series of arrays for the four main variables cFw , c f , Rex and δ , from which we
can fully define the boundary-layer properties and profile.
In this case however, unlike previous works, the full boundary-layer profile is not required.
Using this boundary-layer model, which is inherently 2D, in quasi-one-dimensional sense means
only taking a segment of the boundary-layer profile which corresponds to the core-cell conditions.
This requires the assumption that this profile is constant over the entire boundary-layer cell, just
as we assume the core cell properties are constant. Choosing this segment in practice means
inputting the core-flow conditions (these are shown in Appendix D.1) and Reynolds number
(see Eq. 4.5) of the core cell which, via interpolation of the main variable arrays, can be used
to determine the corresponding main variables of the boundary-layer segment that will be used
to define the boundary-layer cell. Following this the calculation of the aforementioned main
mechanisms can be completed. However, it must be noted that geometry variables such as area
are calculated at the cell interfaces rather than the cell center. This has the implication that
boundary-layer heights at the interfaces must interpolated using an average between the two
adjacent cells.
Rex =
ρeUx
µe
(4.5)
4.2.1 Heat Transfer
The heat transfer between the cooler free-stream and the hot turbulent boundary-layer is the
main mechanism of interaction that has been sought to be modelled by the implementation of
the Stalker Boundary-Layer model. The derivation of this term begins with the definition of heat
transfer inside the boundary-layer (see Eq. 4.6).
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q =−kt dTdy (4.6)
Starting from the common form of the boundary-layer equations for above the flamefront
(given as Eq.15 in [21]), an expression for dTdy can be found (see Eq. 4.7) and evaluated at the
boundary-layer edge. The full derivation for this term can be found in Appendix D.2.
dT
dy
=
1
Cpa
[(
He−Hw− cHw∆Q
)(du
dy
)( 1
U
)
−U
(du
dy
)
−Te dCpsdy
]
(4.7)
The calculation of dTdy then requires the derivation of the term
dCps
dy (again evaluated at the
boundary-layer edge) which is displayed in Eq. 4.8. This can be viewed in Appendix D.3.
dCps
dy
=
−1.1715Cpa
U
( 0.2432
(1+ f ) − cOe
g−1
)
du
dy
(4.8)
Finally, kt can solved for using the relation relating given in Eq. 4.9 where Prt is given as 1.0
as per [21].
kt =
µtCpa
Prt
(4.9)
Given these equations, the term q can be calculated and implemented as a source term
similarly to the processes described in Section 3.3.2.
4.2.2 Turbulent Drag
The drag caused by the interaction of the turbulent boundary-layer with the freestream is an
important mechanism to be modelled. In practice this term can be derived from the basic
definition of shear stress in the boundary layer (see Eq. 4.10).
τt = µt
du
dy
(4.10)
The velocity differential at the boundary-layer edge can is given by the expression in Eq. 4.11 a
correction of Eq.24 in [21].
du
dy
=
[
µw
τw
exp
(
B1+A′
(
arcsin(
2a2g−b2
Q2
)− arcsin(2a
2−b2
Q2
)
))]−1
(4.11)
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In this case B1 is given by equating the above and below flamefront velocity gradients at the
flamefront (see Eq. 4.12).
B1 = B0+A′
[
arcsin(
2a2g−b1
Q1
)+ arcsin(
b1
Q1
)
]
(4.12)
Using the derivation from [2], the turbulent viscosity at the edge, µt , can be calculated (see
Eq. 4.13).
µt = µw exp
[
B0+A∗
(
F2+ arcsin(
2a2−b2
Q2
)− arcsin(2a
2g−b2
Q2
)
)]
(4.13)
Given these relations, the turbulent shear stress at the boundary-layer edge can be solved
for. This term can then be implemented as a source term in the Quasi-one-dimensional model
similarly to Eq.3.11. In this case as the SA term is related to the interface where the core cell
and boundary-layer cell meet; the average of the inflow and outflow perimeters of the core cell
multiplied by the cell length (the physical surface area rather than the wetted surface area).
4.2.3 Boundary Layer Height
Due to the conclusions reached in Section 2.2, particularly the reasearch of [12], the adjustment
of the core-cells due to the growth of the boundary can be done using the displacement thickness
of the boundary layer. In practice this can be implemented by the adjustment of the core flow cell
interface areas, which in turn adjusts all other geometry variables such as the core cell volume.
This achieved by use of Eq. 4.14 for the elliptical cross section of the M12 REST Engine.
A = π(a−δ ∗)(b−δ ∗) (4.14)
where a and b are the semi-major axis and semi-minor axis lengths (m) respectively.
The displacement thickness can be calculated by use of the shape factor (see Eq. 4.15) in
conjunction with the momentum thickness which is given in Eq. 4.16. Given the turbulent nature
of the boundary layer the shape factor can be assumed H = 1.4 [18].
δ ∗ = Hθ (4.15)
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θ =
CpaTe
Hw
µw
τw
U
A∗2
exp
[
B0+A′F1
](
1+Gexp
[
A′(F2−F1)
])
(4.16)
4.2.4 Mass Transfer
The mass transfer mechanism results from the growth of the boundary-layer, which effectively
removes mass from the the freestream. This term can be found through the relation given in
Eq. 4.17, which evaluates the change in displacement thickness over the cell length. It can be
assumed that due to the nature of boundary-layers (always growing throughout the duct), that
mass is only transfered from the freestream to boundary-layer and any concentration gradients
of combustion products etc. that may arise and lead to mass transfer in the reverse direction
(considered minimal in comparison) are neglected. In model testings this assumption is seen to
be very reasonable (no transfer in the reverse direction occurs when enabled).
mt = ρeU
(
δ ∗2 −δ ∗1
)
∆x (4.17)
This can then be converted to a mass transfer source term for the Quasi-one-dimensional
model, shown in Eq. 4.18.
Qtrans =
1
V

mt
mtue
mtEe
0

(4.18)
where u and E are evaluated at the freestream.
4.3 Coupled Model Processing
Khang in his investigation of the effects of flow non-uniformities on boundary-layer combustion
produced a python code to evaluate the Stalker analytical model, which has been acquired during
the course of this investigation. Coupling the Stalker Boundary-Layer model to the Quasi-one-
dimensional model meant that extensions and alterations to this base code had to be made. The
specific processing of the compiled codes takes the following form:
1. Input Model Settings and Initialise Model as previous
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2. Complete State Update
• Calculate flow timestep across all cells
• Input cell conditions and Rex into boundary-layer code and receive outputs of heat
transfer, turbulent drag, boundary-layer height and displacement thickness
• Adjust Cell Geometries
• Calculate flow state increment using inviscid fluxes as well as fuel mixing, heat
transfer, shear and mass transfer source terms for all cells
• Update full (all cells) state vector
• Complete finite-rate chemistry update on updated full state vector
• Calculate total flow increment
3. Steady State Calculation and Post Processing as previous
Similar steady-state conditions are used to the base model case.
4.4 Compiled Model Results
In this case, just as with the base Quasi-one-dimensional model, validation of the compiled
model was necessary. With both components being previously individually verified (the base
model through aforementioned processes and the stalker model through experimental validation
[21]), verification of the coupled model would only be necessary. For this purpose another
dataset obtained from [27] , which involved a combination of inlet injection and boundary-layer
injection, was used. Additionally, CFD simulation data for this combination injection fueling
case extracted from [1] is included in Figure E.3.
4.4.1 Coupled Model Settings
Adjustments to the model settings were necessary in the validation of the coupled model.
Foremostly, the removal of the heat transfer (Section 3.3.2) and frictional (Section 3.3.2) source
terms was completed because the core cells no longer directly interact with the combustor walls.
These behaviours are taken into consideration by the Boundary-layer model. The fuel mixing
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model was also adjusted to more realistically model this new fuel injection setup. This can can
be seen in Eq. 4.19.
η = ax4+bx3+ cx2+dx+ e (4.19)
where a = -9430.80, b = 9511.45, c = -3626.42 and d = 674.08 and e = 35.78.
In order to match the conditions given in the experimental test case, which involved a ratio of
29:71 for the inlet to step (boundary-layer) injections, and with an global fuel equivalence ratios
of φ = 1.33. This meant setting the core-flow equivalence ratio to φ = 0.4 and the boundary-layer
equivalence ration to φ = 0.93. These conditions present intentionally overfuelled condtions.
In addition to this an initial non-zero Reynolds number (Rex) at the inlet of the combustor
was deemed necessary. This is because, the simulation works of Barth have shown that growth
of the fueled boundary-layer has already begun in the inlet due to the inlet injection. This has the
implications that a developed boundary-layer (of finite height) is already present at the entrance
to the combustor. Thus the Reynolds number of the cells must be adjusted accordingly to account
for this non-zero combustor entrance height. This was done (source) by adjusting x dimension
input in the Reynolds calculation (see Eq. 4.5) by a finite amount.
xad j = x+0.66 (4.20)
where xad j is the adjusted x dimension. This specific value of 0.66m was found through the CFD
analysis of the M12 REST engine inlet fueling in an intermittent stage workings of Bachelors
thesis submission by Damian Curran, however is not published.
4.4.2 Model Outputs and Analysis
Following the implementation of the coupling mechanisms, extensive testing was completed on
the model. The preliminary results highlighted a number of factors. With the aforementioned
conditions input it was found that flow choking would occur due to the terms output from the
Stalker Boundary-Layer model. This crashed the code. Further analysis was thus conducted to
find the specific cause of this choking. The four interaction mechanisms were then implemented
individually which brought to light several issues. It was found that none of the mechanisms
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worked individually simply because their magnitudes were too high (causing various forms
of choking). Following these observations it was decided that a deeper analysis of the Stalker
Boundary-Layer formulation as well as the conditions being input from the model was necessary.
Stalker Boundary-Layer Sensitivity Analysis
For terms output by the stalker Boundary-Layer code to be unreasonable it is likely that the
inputs producing these results were not reasonable or being implemented in a reasonable way.
For this reason a sensitivity analysis was performed on the Boundary-Layer code and inputs
from the core cells, with specific focus on the boundary-layer growth and turbulent heat transfer
mechanism base terms. The process methodology can be found in Appendix D.4 and the results
can be viewed in Figure 4.2. When assessing these figures it should be noted that due to the
Stalker outputs being previously too large, the goal of the sensitivity analysis should be targeted
at determining input variables that reduce these outputs. The chosen outputs are directly related
to these mechanisms.
Figure 4.2a shows that, in the regard of reducing these mechanisms, U , ρ and m˙ f have
the strongest influence. Figure 4.2b shows that U and Cpa have the strongest influence on the
turbulent viscosity (and thus the turbulent conduction). Finally Figure 4.2c shows that ρ ,Cpa ,coe
and Rex have the strongest influence. Overall, this study showed that small adjustments of
the Stalker inputs, especially U ,ρ and Cpa , could have quite significant effects on the output
interaction mechanisms and thus in theory could lead to reductions in these mechanism significant
enough to avoid flow choking. However, it is not reasonable to simply adjust these variables
without reasonable justification.
Additionally the work of Barth et al. [2] was revisited, this time with a particular focus on
the interaction mechanisms. The overarching finding from this study was respect to the nature
of the boundary-layer edge conditions. It was concluded that as the boundary-layer progressed
(cFw reduced and Rex increased), as fuel difused away from the wall was consumed, that the
the turbulence (mean turbulent fluctuations) increased (reflected model in the µt and thus kt
increasing significantly). It was also found that the rate of change of properties with respect to
the normal displacement (y) started quite large (with the start of combustion) and decreased to
a plateau as the boundary-layer progressed and fuel was consumed. These findings, while are
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(a) dudy Sensitivities
(b) µt Sensitivities
(c) dTdy Sensitivities
Fig. 4.2 Complete Sensitivity Analysis
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quite intuitive, do provide a deeper understanding of the Stalker model output behaviours for
this case. In terms of the model and the implications on its outputs, that extreme values of the
interaction mechanisms were found later in the combustor (higher Reynolds number flow) when
the turbulence was high, while at the start of the combustor these values were more reasonable.
An overwhelming conclusion that was reached due to these factors, is that the adjustment of
the input Reynolds to a more realistic value resulted in the boundary-layer cells at the end of the
combustor, having quite high values of Reynolds number and thus quite low values of cFw . This
meant high values of turbulence at the boundary-layer edge resulting in large values of turbulent
shear stress and heat transfer at the edge. It was also found at lower values of mass flow rate that
this adjustment would mean that all boundary-layer fuel would be consumed and flow would
enter a region that was not modeled by the analysis.
It was found that model was sensitive to changes in the mass flow rate of fuel, which is not
surprising from the assumptions made in the Stalker paper. At higher mass flow rates of fuel,
such as the overfuelled conditions in the model, which caused a thicker boundary layer with
less turbulence but higher rate of change of properties, and led to the more reasonable values of
interaction mechanisms. Lowering the mass flow rate of fuel in the boundary layer meant fuel
was used over a shorter distance and the transition to higher edge turbulence proceeded more
quickly. This resulted in extreme values of the interaction mechanisms. The implications of
these findings outputs of the Stalker code will become quite significant at lower mass flow rates
(such as the φ = 0.15 suggested by [2]) in the boundary-layer and will cause problems with the
quasi-one-dimensional formulation in this state.
Complied Model Adjustments
Following these conclusions, reasoned adjustments were made to the coupled model to enable
results to be output.
To minimise the effects of turbulence it was necessary to remove the Reynolds adjustment
term and make the assumption that the boundary-layer are always in the Stalker modelled region.
This assumption meant effectively adjusting the inflow Reynolds (and thus boundary layer
height) and any other cells with lower Reynolds values up to the minimum value of Reynolds
produced by the Stalker formulation. This change can be likened to having a dynamic adjustment
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factor for the Reynolds number, which means a finite value of inflow boundary-layer height
is always output. In practice, this change meant a maximum addition of 20mm to the true
inflow x-component of Reynolds number and was seen to positively impact the model with more
reasonable values for the interaction mechanisms being output.
In addition, the isolator portion of the model was seen in Section 3.3.2 to cause discontinuities
in flow variables due to the sudden expansion. To simplify the analysis and avoid any errors
caused by the models inability to properly model a sudden expansion, this portion of the geometry
was removed in further testings.
Furthermore Section 4.4.2 showed that artificial decreases in U and ρ and increases in Cpa
could potentially offer reductions in the interaction mechanisms sufficient to enable the code to
avoid choking conditions. Altering these values in practice would mean making the assumption
that core-flow cells are of non-uniform property gradients (this holds for Cpa as it is a function
of T ) and thus the boundary-layer edge properties vary from the centre of the core-cell. ρ
differential was not investigated as it cannot be easily justified
To test this theory, adjustment of U and T at the boundary-layer edge was completed by
arbitrary reduction factor and increase factors respectively. Through testing it was found that
these factors could be used successfully to ensure that choking conditions were avoided.
Figure 4.4 shows one of these test cases with 0.8U and 2T in comparison to the relevant
combined fuelling data of [27]. This associated model mass-fraction plot is shown in Figure
4.3. It is useful to note the geometry M12 REST geometry in the normalised displacement form
without the isolator given in the model.
• Combustor Constant Area Section: 0 ≤ x/L ≤ 0.40
• Combustor Diverging Area Section: 0.40 ≤ x/L ≤ 0.69
• Nozzle: 0.69 ≤ x/L ≤ 1
This shows ignition occurs at x/L = 0.3 versus the x/L = 0 in the simulation data due to
boundary-layer combustion in the isolator (see Figure E.3). A model combustion efficiency of
24% was output for this case, significantly less than the 82.9% estimated by the simulations
conducted by [1]. It must be noted this does not show the simplified version of combustion
efficiency used in this case is a bad measure however as the output mass fraction of H2O in the
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same simulation case was 0.12 ≤ YH2O ≤ 0.2+ where in the model is YH2O = 0.08. However
despite these inaccuracies the model predicts similar property magnitudes and trends as compared
to the freestream flow (refer to Figures E.3 and 4.5). Figure 4.5c is particularly comparable.
Fig. 4.3 Main Species Mass fractions Profiles
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Fig. 4.4 Normalised Pressure Comparison
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(a) Velocity Profile Development [26]
(b) Fully-Developed Constant
wall heat-flux Temperature Pro-
file [3]
Fig. 4.6 Laminar Pipe-flow Property Profiles
Taking into consideration the arbitrary adjustment of U and T , this test case produced quite
reasonable results and serves as proof of concept for the implementation of property gradients
for inputs to the Stalker code.
With proof that this method would indeed reduce the interaction mechanisms sufficiently,
a more reasoned approach to choosing these gradients was formulated. The assumption of
non-uniform core-cell property gradients is in no way unreasonable to make. From laminar duct
flow theory [3] (which we can liken the core-cell to) contains Velocity (see Figure 4.6a) gradients
throughout the pipe due to presence of boundary-layers forming. Temperature gradients (see
Figure 4.6b) can also be formed similarly by constant heat flux, similar to which is incoming
from the combusting boundary-layer. These gradients can be seen to be in the correct direction
to reduce the interaction mechanisms as per Figure 4.2 (i.e. velocity decrease further from the
centre of the duct). However this theory does not directly involve density gradients.
Here there arises an issue an of if the flow is fully-developed or is still being developed. For
simplicities sake, the flow was assumed fully developed at all times. This assumption will be
discussed further in Section 5.3.
The first attempt to implement this laminar pipe flow type variable profile gradient involved
the T , with the approach being, the principles of laminar duct flow were applied to the core-flow
(only for the boundary-layer inputs) and the boundary-layer being likened to a wall with constant
heat flux (in each cell). This gives produces a temperature profile as seen in Figure 4.6b for
fully-developed flow conditions where where T0 is the new Boundary-layer edge temperature
and Tm is the mean bulk temperature of the flow ( or the core-cell temperature Te).
We can then apply this theory to solve for the T0, given in Eq. 4.21.
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T0 = Tm+
q
h
= Tm+
kt dTdy
h
(4.21)
where h is the heat transfer coefficient.
Then using the definition of the Nusselt number (see Eq. 4.22) we can simplify this relation
to remove the heat transfer coefficient (see Eq. 4.23). For fully-developed circular duct flow
with a constant heat-flux Nu = 4.364. Again for simplification purposes, this assumption of a
circular-duct is made (creating an effective radius from the semi-major and minor axes). Again
this assumption will be discussed in Section 5.3.
Nu =
hDH
k
(4.22)
T0 = Tm+
qDH
4.364k
(4.23)
Applying this dynamic formulation of Te tested alone does enable the code to avoid choking
conditions however does not produce realistic results in terms of the magnitude of terms and the
property trends latter in the combustor. The most likely cause is the fact that it was implemented
by itself (because of time-constraints), rather than with the velocity gradient (which is likely
to have more of an effect as seen in Section 4.4.2). To a lesser extent the assumptions of
fully-developed flow and circular duct will also have an effect.
4.5 Model Capabilities
Taking a step forward and assuming that the implementation of these property gradients can be
successfully implemented, the model can be used for multiple purposes.
Firstly, it can be used as a tool to rapidly calculate the coefficient of skin friction for a given
engine geometry and conditions. As stated in Section 3.3.2, 0.002 is often cited as c f for
scramjet combustor modelling. In this case the coupling with the Stalker model allows for a
direct prediction of this value throughout the combustor rather than requiring the use of this
commonly cited value. This capability can be used in convention with CFD programs when
accurate values of skin-friction are required. As an example of this capability, using the 0.8U
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and 2T model case described previously ( see Figure 4.7) , showing that c f = 0.002 is not a good
estimate for this theoretical dataset.
Fig. 4.7 Skin-friction coefficient profile
Next, this model can also be used in the prediction of engine thrust, which as discussed in
Section 2.3. Using the one-dimensional thrust equation (see Eq. 4.24) [22], a summation of
momentum and pressure impulse, over the cell distance, the thrust for an individual cell can be
calculated (see Eq. 4.25). Using the 0.8U and 2T model case, this produced a thrust profile as
shown in Figure 4.8.
Ft = pA(1+ γM2) (4.24)
Ftcell = Ft2 −Ft1 (4.25)
where 1 refers to the cell inflow and 2 the cell outflow.
The engine drag per cell can also be calculated from the previously calculated value of c f
and cell properties ( see Eq. 4.26) and 4.27). The drag profile can similarly be developed.
Fd =
SA
2
c fρu2 (4.26)
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Fig. 4.8 Thrust profile
Fdcell = Fd2 −Fd1 (4.27)
Lastly using a summation of these profiles a net thrust profile for the engine can be generated
similarly. Summing each profile the total thrust, drag and net thrust can be calculated. For the
aforementioned model settings a net thrust was not achieved.
4.6 Coupled Model Limitations
Throughout this investigation comparisons were made between the model and the experimental
datasets for the M12 REST engine with various fuelling configurations [27]. In drawing parallels
and making final conclusions on the results of the model is important to consider the inherent
differences between the experimental 3D flow conditions and idealised 1D model flows. Despite
formulating the model with the most physically accurate settings the quasi-one-dimensional
model will never be able to fully replicate the complexities of a 3D flowfield. For instance,
from Barth’s simulation results (see Figure E.3) it is obvious that boundary-layer combustion
takes place in the M12 REST engine in the isolator (initiated in the body-side wall boundary-
layer) before occurring in different locations further in the combustor. However boundary-layer
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combustion is not present (or present in minimal amounts) on the cowlside wall. In the Quasi-
one-dimensional model, there is no way (or no simple way) to constrain the boundary-layer
combustion to different areas, to starting here and then spreading to this area; it has to be all of
the boundary-layer cell burning.
Furthermore in the combined fuelling flow case considered for comparison against the
coupled model, the fuel conditions were intentionally overfueled with the knowledge that a
majority of this fuel would escape the boundary-layer. Fuel escaping the boundary requires some
component of streamwise velocity which isn’t modelled in a quasi-one-dimensional sense.
Additionally the presence of flow turning of the engine and the multitude of shocks present
in these fueling configurations which can never be modeled in the quasi-one-dimensional sense
will lead to limits of the accuracy for this technique.
The Stalker model too possesses some inherent weaknesses. Due to its simplified combustion
model it will always be an upper limit of heat release from the boundary-layer [2] . This may
have played a part in the difficulties faced in this investigation. Furthermore this theory is derived
using the Van-Driest flat-plate analogy, not for small circular cross section such as for scramjet
geometries.
These are all factors that serve as limitations of this coupled model that must be taken into
consideration when analysing model outputs.
4.7 Chapter Summary
In this chapter, a method of coupling the Stalker Boundary-Layer model to the existing Quasi-
one-dimensional model was formulated. The specific interaction mechansims used to couple
the models were found to be turbulent heat transfer, turbulent shear stresses, boundary-layer
growth and the associated mass transfer due to this growth. Through testing it was found that,
using realistic inputs to this boundary-layer model, unrealistic outputs (for all mechanisms) were
produced leading to flow choking occurring and model crash ensued. In order to diagnose this
problem a sensitivity analysis as well as a more focused study of [2] occurred. This showed
that Reynolds adjustment and lower fuel mass flow rates should be avoided for the model in its
current state. Additionally, it showed that the implementation of flow variable gradients in the
core-cell would be useful to reduce the interaction mechanisms. Arbitrary values to simulate
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these profiles were used ( in particular 0.8U and 2T is shown) and redcued the interaction
mechanisms sufficiently to allow for a steady-flowstate to be output. With these arbitrary inputs
taken into consideration, the results produced are comparable to experimental and simulation
data, thus supporting the assumption of non-uniform property gradients. Attempts to quantify
these gradients (Temperature only) using laminar duct flow theory did not prove successful.
Furthermore, methods of calculation of skin-friction, thrust and drag profiles were divulged
which can be used for later optimisation purposes. Lastly, a brief analysis of the coupled model
limitations was completed.
Chapter 5
Conclusions and Recommendations
This chapter serves as summary and critical review of the findings of this investigation and will
also outline possible area of extension for this project.
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5.1 Project Overview
The specific objective of this study was to develop a quasi-one-dimensional model with finite rate
chemistry coupled with the Stalker boundary-layer combustion model and to determine whether
this more accurately and efficiently models the complex behaviours occurring in a scramjet
combustor. The development of this model was a multi-staged process firstly required the
formulation, implementation and validation of a base Quasi-one-dimensional scramjet combustor
model. Following this, the coupling process between models was developed and implemented
and in doing so brought to light several previously unidentified aspects with regards to coupling
the two models.
5.2 Project Outcomes
From the processes undertaken over the course of this investigation multiple conclusions can be
drawn.
A Eulerian-finite volume Quasi-one-dimensional solver with finite-rate chemistry was
successfully developed and configured for the purposes of modelling scramjet combustors.
The model methodology was formulated and adapted from literature. The model components
were implemented validated individually using simple compressible flow and finite-rate chemistry
tests with high degrees of accuracy (≤ 0.1% for the compressible flow cases). The complied
model was tested against experimental and simulation results and was seen to predict the mean
pressure distribution in the post-ignition flowfield accurately and give a good representation of
pressure trends in other areas.
The accurate prediction of ignition and associated peak pressures was identified as a
limitation of current Quasi-one-dimensional modelling techniques. The formulated Quasi-
one-dimensional model did not exhibit the ability to predict ignition location associated ignition
region pressures. This has the implication that the extent of combustion and its effects on
the flowfield cannot be properly quantified (seen in combustion efficiency) versus applicable
simulation data. This can be attributed the behaviors of boundary-layer combustion not being
modeled.
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A Quasi-one-dimensional model that accounts for boundary-layer combustion was suc-
cessfully developed The Quasi-one-dimensional scramjet combustor model developed was cou-
pled to the Stalker model for Hydrogen combustion in hypersonic turbulent boundary layers
using several interaction mechanisms. This coupled model was seen to produce reasonable
results with additional assumptions applied. This represents an successful extension to the
applications of the Stalker boundary-layer model.
The assumption of core-cell flow property gradients is required when coupling Quasi-
one-dimensional models to the Stalker Boundary Layer model Through the process of
model sensitivity analysis, it was found non-uniform property gradients are a method to reduce
the boundary-layer interaction mechanisms sufficiently. Through implementation of velocity and
temperature gradients the was demonstrated to avoid choking conditions and output a steady-state
solution. Laminar pipe flow theory has been unsuccessfully applied to the model as method of
analytically quantifying these gradients.
Decreasing the mass-flow rate of fuel in the boundary-layer and the adjustment of
the cell Reynolds number were seen to negatively affect the model coupling Through the
sensitivity analysis performed it was seen that both the decreasing the mass-flow rate of fuel and
increase of the cell Reynolds to realistic values caused the boundary-layer cell profile to become
increasingly turbulent corresponding to the fuel being consumed and growth of the boundary-
layer. This resulted in significant increases in the boundary-layer interaction mechanisms and
choking conditions achieved in the freestream.
The ability to generate skin-friction and net-thrust profiles for a given scramjet geom-
etry Given an engine combustor and nozzle geometry and combustor inflow conditions, the
coupled code demonstrates the ability to rapidly generate thrust, drag, net-thrust and skin-friction
profiles. This capability has the implications firstly that an assumed value of skin-friction is
not required to be used in applications such as CFD analysis of a combustor geometry and
secondly that the code can be applied to geometry optimisation problems that use net thrust as
an optimisation parameter.
56 Conclusions and Recommendations
5.3 Recommendations for Future Works
During the course of this investigation, several areas that require further study have become
apparent.
First and foremostly, investigations should be made into the application of a non-uniform
core-cell gradient for the inputs to the Stalker model. A good place to start would be to complete
the investigation of laminar-duct-flow-like gradients that was begun in this investigation. The
velocity profile will likely, due to the significant Stalker model sensitivities, have a sizable impact
on the output interaction mechanisms. The assumption of fully developed flow and quasi-circular
cross section should be investigated if this course is taken. Density gradient should also be
re-considered.
The next strategy for approaching this would be applying the triple deck boundary-layer
theory [13] to the Stalker Theory, likening the Upper deck of this theory to the core-flow and
boundary layer interaction layer. This method will is recommended for the mathematically
inclined. A final strategy of addressing a non-uniform core-cell gradient is to do away with the
single core-cell instead replacing it a set of coarse radial cells. This approach will require the
problem to become 2D in nature and will likely lead to computational requirement increases. It
is however, simple in that no additional theory is likely to be required.
The problems associated with decreasing fuel flow rate in the boundary layer and the
adjustment of the entrance Reynolds number in the output of unreasonable flow mechanisms
must also be investigated. Variance of mass flow rate especially should be focused on, as the
model will not be robust without the ability to change this value.
Another method of making this model robust is to enable extension the scope of the model to
include geometries that do not explicitly use boundary-layer injection. This will not require not
a huge changes to be implemented. This is because, for one, the Stalker model collapses to the
Van Driest II boundary-layer formulation when fuel injection is not present. Next, the current
implementation of the coupled model allows for a variable cell input of fuel mass flow rate in
the boundary-layer. Thus only real step required would be in modeling how to describe the
fuel entering or leaving the boundary-layer. A possibility in this regard is species concentration
gradients.
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In the literature review due to it was noted that the Stalker model may not be the most appro-
priate model for shock tube comparisons. This comparison was made in this investigation (due to
project scoping) and in future testing may arise again. Thus re-iterating a recommendation made
by Khang [11], the Spalding and Chi theory [20] for skin-friction drag should be incorporated in
the current Stalker formulations. This would in turn ensure the coupled model is quite robust.
Once the coupled model has these changes implemented (some if not all) and can validated
across various test cases, a multitude of applications will be possible. Two of these, in the calcu-
lation of skin-friction profiles and the calculation of net-thrust have already been demonstrated.
The former will be useful in patching the skin-friction profiles to a more detailed CFD simulation.
The latter will have large impacts in the application of optimisation of scramjet combustor design
in which thrust prediction from will certainly be an key parameter. This however will require
optimisation of the code in order to reduce computation times. The Stalker boundary-layer code
in particular will need to be reconfigured so that rather than calculating the entire boundary-layer
profile only the required segment is calculated. Furthermore, conversion of the code from python
to C++ will be necessary.
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Appendix A
Eilmer3 Overview
A.1 Eilmer3 Thermochemistry
The following is a simplified excerpt from the Eilmer3 theory book explaining how the relevant
parts of the software work. For further information see [10].
A.1.1 Thermally Perfect Gas Mixtures
There a numerous gas models available in the Eilmer3 library. For this case a ’thermally perfect’
gas mix was chosen.The thermally perfect gas mix models a gas with one or more components,
all of which have perfect (collisional) behaviour but each have all internal energy modes excited
to an equilibrium described by a single temperature. For atoms this means that the Boltzmann
distributions for translational and electronic energy are governed by one temperature value.
Similarly for molecules, the Boltzmann distributions for translational, rotational, vibrational and
electronic energy are described by a single temperature value. To model a thermally perfect gas
requires a knowledge of how the gas stores energy as a function of temperature. It is convenient
to have available the specific heat at constant pressure as a function of temperature,Cp(T ). From
this value the specific enthalpy, entropy, viscosity and thermal conductivity can be calculated
as a function of temperature. This allows for the formation of temperature curve-fits for the
aforementioned properties. These have been non-dimensionalised in the the form shown in
equations A.1, A.2. The Eilmer database contains the coefficients for these curve-fits for a large
number of gas species.
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Cp(T )
R
= a0T−2+a1T−1+a2+a3T +a4T 2+a5T 3+a6T 4 (A.1)
H(T )
RT
=−a0T−2+a1T−1logT +a2+a3 T2 +a4
T 2
2
+a5
T 3
4
+a6
T 4
5
+
a7
T
(A.2)
The thermodynamic state for a mixture of thermally perfect gases is thus uniquely defined by
two state variables and the mixture composition. Equations A.3, A.4, A.5 and A.6 give an
example of how this is done.
e =
N
∑
i=1
fiei =
N
∑
i=1
fi(hi−RiT ) (A.3)
p =
N
∑
i=1
ρiRiT (A.4)
R =
N
∑
i=1
fiRi (A.5)
Cp =
N
∑
i=1
fiCpi (A.6)
A.1.2 Finite-Rate Chemistry
The implementation of finite-rate chemical effects was completed in the formulation of the
quasi-one-dimensional model using Eilmer3. This implementation required setting a reaction
scheme with species and a series of reactions with reaction coefficients constants. The basis of
the Eilmer3 implementation is the assumption that a collection of simple reversible reactions
make up the reacting system which can be represented as shown in Eq. A.7.
N
∑
i=1
αiXi ↔
N
∑
i=1
βiXi (A.7)
where α and β represent the stoichiometric coefficients for the reactants and products respec-
tively.
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By summing the rate of concentration change over all reactions the total rate of concentration
change of each species can be found. This is shown in Eq. A.8. This represents a system of
ODE’s which can be solved to find species concentrations over time. The default method used is
the Euler method which was used in this case.
d[Xi]
dt
=
Nr
∑
j=1
(νi{k f∏
i
[Xi]αi − kb∏
i
[Xi]βi) (A.8)
where νi = βi−αi
The reaction rate coefficients are calculated using the generalised Arrhenius form (see
Eq. A.9) when a ’thermally perfect gas model’ is chosen, the constants for which are user
supplied.
k f = AT nexp
−Ea
kT
(A.9)
A.1.3 Code Implementation
Using this knowledge of Eilmer3, a wrapper script was created to implement some of the
applicable Eilmer3 modules. Specifically the module gmodel was use to convert between the
flow state vector form and non-conserved properties such as temperature and pressure, which are
used for calculation of fluxes and for plotting purposes.
Furthermore, in this application the chemical step is implemented after the gas flow transport
step implemented (Eq. 3.2), following the logic of Eilmer3 implementation. This effectively
freezes the flow and allows for the updated species compositions to be found at the end of the
flow timestep. In many cases this flow timestep is far too large too solve the chemical kinetic
ODE and multiple (of the order 100-1000) smaller chemical timestep increments (sub-cycles)
are completed inside a flow timestep to ensure stability of the solution. In this implementation
the chemical timesteps are chosen dynamically by the the chemistry module rupdate.

Appendix B
Bittker-Scullin Reaction Scheme
The 9 species are: O,O2,N2,H,H2,H2O,OH2,OH and H2O2
The 18 reactions are:
H2+OH ↔ H2O+H
H +O2 ↔ OH +O
O+H2 ↔ OH +H
H +O2+M ↔ HO2+M
H +H +M ↔ H2+M
H2+HO2 ↔ H2O2+H
M+H2O2 ↔ OH +OH +M
HO2+H ↔ OH +OH
H +OH +M ↔ H2O+M
O+O+M ↔ O2+M
O+H2O↔ OH +OH
H2+O2 ↔ OH +OH
HO2+OH ↔ H2O+O2
HO2+O↔ O2+OH
HO2+HO2 ↔ H2O2+O2
OH +H2O2 ↔ H2O+HO2
O+H2O2 ↔ OH +HO2
H +H2O2 ↔ H2O+OH

Appendix C
Model Validation
C.1 Simple Flow Case Testing
The base quasi-one-dimensional model was tested the simple flow cases isentropic flow with
area change , adiabatic frictional flow in a constant-area duct and frictionless constant-area duct
flow with Heat Transfer. These test cases could be validated through the application of the
compressible flow tables present in [26]. Additionally a further test case was undertaken to
validate the implementation of the Eilmer3 thermochemistry modules.
C.1.1 Isentropic Flow with Area Change
The initial testing involved isentropic flow with area change. The specific gas model used in this
case was ’ideal air’ with γ = 1.4 and constant specific heats.In the model area change meant
varying the ratio of the area of the outlet versus the area of the inlet. With this ratio set in the
model, as well as the inflow conditions a theoretical outflow state could be computed using the
compressible flow tables. A sample calculation is outlined as follows.
Model settings were input. Note that state 1 denotes the inflow while state 2 denotes the outflow.
M1 = 3,P1 = 45kPa,T 1 = 1500K, A2A1 = 2
From table B.1 the stagnation property ratios at the inflow conditions are found.
For M1 = 3 : P1P0 = 0.0272,
T 1
T0
= 0.3571, A1A∗ = 4.2346
By manipulation of this data we find the choked area ratio of state 2.
A2
A∗ =
A2
A1
A1
A∗ = 8.4692
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Table C.1 Summary of Area Change Test Case
A2/A1 Theoretical Values
Model Outputs
20 cells Error 100 cells Error
0.2 Should choke M2=1 Doesn’t Converge n/a Doesn’t converge n/a
0.5 T2 2077 2098 1% 2080 0.1%
P2 140.5 142.7 2% 140.9 0.3%
M2 2.261 2.238 1% 2.256 0.2%
2 T2 1106 1114 1% 1108 0.2%
P2 15.57 15.65 1% 15.53 0.3%
M2 3.739 3.719 1% 3.735 0.1%
4 T2 824 849.3 3% 829 0.6%
P2 5.571 5.718 3% 5.565 0.1%
M2 4.527 4.441 2% 4.508 0.4%
By interpolation from table values the property ratios corresponding to A1A∗ were found.
M2 = 3.739, P2P0 = 0.0094,
T 2
T0
= 0.2633
Manipulating these ratios, state 2 can be fully defined.
P2 = P2P0
P0
P1P1 = 15.55kPa,T 2 =
T 2
T0
T0
T 1T 1 = 1106K
Using this technique all area change test cases could be verified. A summary of results are given
in Table C.1 where pressures are given in kPa. Additional tests were completed to test model
sensitivities on inflow conditions which performed with similar degrees of accuracy. These
results have been omitted.
This shows that for this test cases the degree of accuracy achieved is dependent on the model
cell discretisation. Additionally the problems associated with modelling choking flows was noted
as a model limitation.
C.1.2 Constant-Area Adiabatic Frictional Flow
Similarly, using the compressible flow tables, model outputs for frictional adiabatic flow in a
constant area duct could be validated. This required setting the values f ,LandDH , corresponding
to the Darcy friction factor, duct length and hydraulic diameter. In the case tested, a circular
duct, DH = 2r , where r is the duct radius. The SA term in the model implementation was of the
form given in Eq. 3.17. The ’Ideal Air’ model was again used. The calculation of the theoretical
outflow state is as follows.
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Table C.2 Frictional Testing Summary
fl/d Theoretical Values
Model Outputs
20 cells Error 100 cells Error
0.1 Should choke M2 = 1 Doesn’t Converge n/a Doesn’t converge n/a
0.5 T2 2056 2054 0.1% 2055 0.0%
P2 69.21 69.14 0.1% 69.2 0.0%
M2 2.284 2.285 0.0% 2.284 0.0%
1 T2 1787 1787 0.0% 1787 0.0%
P2 56.72 56.71 0.0% 56.72 0.0%
M2 2.598 2.598 0.0% 2.598 0.0%
Model inflow settings were input.
M1 = 3,P1 = 45kPa,T 1 = 1500K, f LDH =
(0.2)(0.35)
0.5 = 0.14
From table B.3 the choking property ratios at the inflow conditions are found.
For M1 = 3 : f L1DH
∗
= 0.5222P1P∗ = 0.2182,
T 1
T ∗ = 0.4286
By manipulation of this data we find the choked friction ratio of state 2.
f L2
DH
∗
= f L1DH
∗− f LDH = 0.3822
By interpolation from table values the choked property ratios corresponding to f L2DH
∗
were found.
M2 = 2.284, P2P∗ = 0.3356,
T 2
T ∗ = 0.5373
Manipulating these ratios, state 2 can be fully defined.
P2 = P2P∗
P∗
P1P1 = 69.21kPa,T 2 =
T 2
T ∗
T ∗
T 1T 1 = 2056K
Using this technique all friction test cases could be verified. A summary of results are given in
Table C.2 where pressures are given in kPa. Additional tests were completed to analyse model
sensitivities on friction components inflow conditions which performed with similar degrees of
accuracy. These results have been omitted.
This shows the discretisation of cells greater than 20 cells only led to a small increase in
accuracy. Again choking was seen to be a limitation of the model leading to non-convergence.
C.1.3 Constant-Area Frictionless Flow with Heat Transfer
Theoretical validations of the heat transfer test case could be made using table b4 in [26]. In the
model this meant adding a heat transfer term q (J/kgc˙ell). The ’Ideal Air’ model was again used
with Cp = 1004J/kgK. A sample calculation for the validation of this test case is given below.
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Table C.3 Heat Transfer Testings Summary
q Total (J/kg) Theoretical Values
Model Outputs
20 cells Error 100 cells Error
1.00E+03
T2 1644 1644 0.0% 1644 0.0%
P2 49.76 49.76 0.0% 49.76 0.0%
M2 2.84 2.84 0.0% 2.84 0.0%
1.00E+04
T2 2984 2985 0.0% 2984 0.0%
P2 98.92 98.96 0.0% 98.96 0.0%
M2 1.924 1.924 0.0% 1.924 0.0%
1.00E+05 Should choke M2=1 Doesn’t Converge n/a Doesn’t converge n/a
-1.00E+03
T2 1356 1356 0.0% 1356 0.0%
P2 40.35 40.35 0.0% 40.35 0.0%
M2 3.181 3.181 0.0% 3.181 0.0%
Model inflow settings were input.
M1 = 3,P1 = 45kPa,T 1 = 1500K,q = 104,T01 = 4200K,cells = 100,
T02
T01
= (q)(cells)/(cp)+T01T01 = 1.2370
From table B.3 the choking property ratios at the inflow conditions are found.
For M1 = 3 : T01T ∗0 = 0.6540
P1
P∗ = 0.1765,
T 1
T ∗ = 0.2803
By manipulation of this data we find the choked stagnation temperature ratio of state 2.
T02
T ∗0
= T02T01
T01
T ∗0
= 0.8090
By interpolation from table values the choked property ratios corresponding to T02T ∗0 were found.
M2 = 1.924, P2P∗ = 0.3880,
T 2
T ∗ = 0.5577
Manipulating these ratios, state 2 can be fully defined.
P2 = P2P∗
P∗
P1P1 = 98.92kPa,T 2 =
T 2
T ∗
T ∗
T 1T 1 = 2984K
Using this technique all heat transfer test cases could be verified. A summary of results are given
in Table C.3 where pressures are given in kPa.
This table shows that the cell discretisation had little effect in these test cases. Flow choking
was again encountered and led to problems with convergence.
C.1.4 Finite-rate Chemistry Testing
Testing was undertaken to validate that the Eilmer3 chemistry modules were correctly imple-
mented. This was done using Bittker-Scullin Case 3 data [5] as well as equivalent 2D Eilmer3
simulation outputs. The results of these comparisons are shown in Figures C.1 and C.2. These
show that the quasi-one-dimensional model produces near identical results to both datasets as
cell discretisation is increased. The differences between the model and Eilmer3 formulation
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(which use the same finite-rate chemistry modules and therefore should produce identical results)
can be attributed to a 2000 x-direction cell count in the Eilmer3 2D model. It must be noted
however the model test time for 100 cells was 14 minutes while 500 cells took over 1 hour.
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Appendix D
Appendix D
D.1 Stalker Nomenclature and Model inputs
The list of properties is extensive and papers [21] and [2] have different subscripts. Both have
been provided where necessary.
Subscripts
• a,e= freestream or edge
• s = mixture
• w = wall
• F,H = fuel
• o = oxygen
• aw = adiabatic wall
• i = species
Nomenclature
• Cp = Specific Heat
• c = Mass fraction
• f = 0.125 , Stoichiometric mass fraction of hydrogen
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• g = u/U at flamefront
• H = CpsT + u2/2, Stagnation enthalpy
• h = Static enthalpy
• K = 0.41, Von Karman mixing length
• k = Thermal conductivity
• m˙ = Mass flow rate of fuel in BL
• Pr = 1.0 , Prandtl number
• T = Temperature
• Taw = Te (1 + 0.5U2 /he)
• U = Freestream velocity
• u = Velocity in boundary layer
• uj = Injection velocity
• Z = Schvab-Zeldovich coupling parameter
• y = Normal direction
• ∆Q = 120 MJ/kg , Heat of combustion of hydrogen
• δ = Boundary layer thickness
• θ = Momentum thickness
• µ = Molecular viscosity
• νw = Kinematic viscosity
• ρ = Density
• τ = Shear stress
• υ = Velocity in y direction
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• υ∗ =
√
τw/ρw, Frictional Velocity
Combined Terms
• a2 =U2/2Hw
• b = (He- Hw)/Hw
• u’ , z = u/U
• Cpsw = 12.05 (cFw + 0.1248) Cpa
• g = cFw / (cFw + f coe)
• b1 = (He - Hw + f coe deltaQ) / Hw
• b2 = (He - Hw - cFw deltaQ) / Hw
• α = cFw deltaQ / Hw
• Q1 = sqrt(b12 + 4 a2)
• Q2 = sqrt(b22 + 4 a2 (1.0 + α))
• F1 = asin(b1/Q1) + asin((2 a2 - b2) / Q2) + asin((2 a2 g - b1) / Q1) - asin((2 a2 g - b2) /
Q2)
• F2 = asin(b1/Q1) + asin((2 a2 g - b1) / Q1)
• G = 0.5 (b1 - b2) g (1 - g) / (1 + b1 g - a2 g2)
• B0 = -3.462
• A’ = K sqrt(2) / sqrt(cf (Taw - Te) / Te)
The inputs to the stalker code were of the form: [coe,Te,u j,U,he,ρe,mdot,Rex] where later
the following terms are calulated:
• Taw = Te(1+0.5U2/he)
• He = Cpa Te + U2/2
The calculation of Cpa, to remain consistent with the Stalker formulation, is evaluated for air at
the ρe and Te conditions.
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D.2 Temperature Gradient Derivation
The rough working for this term is as displayed in Figure D.1 .
D.3 Specific Heat Gradient Derivation
The rough working for this term is as displayed in Figure D.2.
This also requires the calculation of the cH2O at the flame front (Figure D.3) and a formulation
for Cps in terms of co (Figure D.4).
D.4 Sensitivity Analysis Methodology
This sensitivity analysis was peformed by varying one variable at a time from the base line inputs.
The outputs were recorded and percentage change between the base and new outputs found . The
base inputs were:
coe = 0.22 , Te = 1200 , Tw = 300 , uj = 1550, U = 3000, he = 1e6, rho = 0.11, mdot = 0.03 , Rex
= 1e5
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Fig. D.1 dTdy Derivation
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Fig. D.2 dCpsdy Derivation
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Fig. D.3 cH2O at flamefront Derivation
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Fig. D.4 Cps Derivation
Appendix E
Barth Variable Contours
Barth [1] in his investigation of mixing and combustion enhancement in the M12 REST engine
used the US3D CFD software to model the combustor flowfield. The results of these simulations
compared very favorably to experimental shock tube testings[1]. In particular, he produced
figures showeing the flowfield variable contours along the combustor length. These figures are a
useful validation tool for the results output by both the base Quasi-one-dimensional model and
the coupled model. As such the relevant figures (Mach and Temperature cross-stream planes) are
attached here for ease of comparison. Figure E.1 shows the unfueled engine. Figure E.2 shows
the engine with only inlet injection. Finally Figure E.3 shows the engine with combined inlet
and boundary-layer fueling.
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(a) Mach Development
(b) Temperature Development
Fig. E.1 Unfueled Engine cross-stream plane development [1]
(a) Mach Development
(b) Temperature Development
Fig. E.2 Fueled Inlet Engine cross-stream plane development [1]
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(a) Mach Development
(b) Temperature Development
Fig. E.3 Combined Fuelling Engine cross-stream plane development [1]

